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ABSTRACT

We investigate the stability of an array of three laterally coupled semiconductor lasers. This study of the
simplest system with an underlying structure that is also found in larger arrays constitutes a first step towards
understanding the stability properties of large arrays. We use a composite-cavity model, where the individual
lasers are described by the transverse modes of the entire composite-cavity system. Specifically, we analyze
the stable locking region, where the laser array exhibits continuous wave emission for different detunings and
coupling strengths between the individual lasers. We find that the optical fields in the outer lasers are out of
phase with the middle laser.
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1. INTRODUCTION

Arrays of coupled semiconductor lasers have emerged as promising devices for high-power coherent light gener-
ation and already find many applications. However, a major difficulty in many applications is the sensibility of
semiconductor lasers to external perturbations, such as coupling to another laser, which can lead to instabilities
and chaotic dynamics [1–4]. Therefore, a better understanding of the coupling conditions for which a laser
array is stable, that is, exhibits continuous wave emission, is very desirable.

In this paper we investigate the emission dynamics of three side-to-side coupled semiconductor lasers in a
linear array as depicted in Figure 1. This forms the simplest system with an underlying structure that is also
found in larger arrays. Namely, the laser in the middle is coupled to the two outer laser to the left and to the
right. Hence, this study constitutes a first step towards understanding the stability properties of large arrays.
More specifically, the laser array consists of three active regions that are separated by passive regions. The
active sections are coupled via the evanescent optical field in the transversal x-direction. Laser emission takes
place in the longitudinal z-direction. Here we restrict our study to the case where the two outer lasers are
identical, w0 = wA = wC , nA = nB = 3.61, and the distances between the two outer lasers and the middle laser
are the same, d = dAB = dBC . The spatio-temporal dynamics of the electric field of this coupled laser array is
governed by the inhomogeneous wave equation,

−∇2E(~r, t) + µ0σ
∂E(~r, t)

∂t
+ µ0ǫ0n

2(~r)
∂2E(~r, t)

∂2t
= −µ0

∂2P(~r, t)

∂2t
, (1)

where E(~r, t) is the electric field in the laser and P(~r, t) is the macroscopic polarization. The function n(~r)
takes into account the spatial variations of the refractive index. In semiclassical laser theory different concepts
for obtaining (approximate) solutions to the wave equation have been developed. They include low-dimensional
rate equations, which are ordinary differential equations [5–13], rate equations with time-delayed coupling [14–
16], composite-cavity models [17–20], supermode models [21], and partial differential equation models including
traveling-wave models [22–26]. Because of their simplicity, low-dimensional rate equation models are an at-
tractive choice for the analysis of the stability and nonlinear dynamical behaviour with tools from bifurcation
theory. However, these models neglect coupling effects in the space dependence of the electric field and are
unsuitable for describing strongly coupled lasers. Partial differential equation models, on the other hand, are
potentially very accurate but, due to their infinite-dimensional nature, they do not lend themselves easily to
(comprehensive and global) stability analysis. The composite-cavity models strike a good compromise between
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Figure 1. Sketch of the side-to-side coupled laser array, where nA,B,C are the refractive indices of lasers A,B, and C
respectively. The lasers are separated by a passive section with refractive index n1, and surrounded by cladding layers
with refractive indices n2 and n3, respectively.

accuracy and suitability for bifurcation analysis. Most importantly, the stability and dynamics of this type of
model can still be analysed with numerical continuation techniques [27].

This paper investigates a composite-cavity mode approach to modelling the general setup of an array of
laterally coupled laser as shown in Figure 1. Namely, the individual stripes are coupled by the transverse modes
of the entire composite-cavity system. Within the framework of semiclassical laser theory, we decompose the
spatio-temporal dynamics of the laser array into time dependent complex-valued electrical field amplitudes
and space dependent composite-cavity modes profiles [17, 18]. In particular, the coupling between the different
stripes is included intrinsically in the composite-cavity mode structure, which makes this approach valid for
arbitrary coupling. We perform a bifurcation analysis of composite-cavity modes for different geometries and
refractive indices of laser stripes. Such a comprehensive analysis identifies the spatio-temporal dynamics of the
composite-cavity modes. In particular, we find that for increasing values of the α-parameter stable continuous
wave emission moves to lower laser coupling strength. In semiconductor lasers the α-parameter quantifies the
refractive index effect in the laser [28].

This paper is structured as follows. In Section 2 we describe the composite-cavity approach. Moreover,
we study the spatial profiles of the composite-cavity modes, their frequency as well as their gain and coupling
coefficients as a function of the laser geometry. The composite-cavity mode structure is of great importance for
the understanding the dynamics of the coupled laser array. This is discussed in Section 3, where we calculate
the region of stable continuous wave emission in the parameter plane of laser distance d, which affects the laser
coupling strength, and the α-parameter, which describes the amplitude-phase-coupling of the optical field. We
finish with conclusions in Section 4.

2. COMPOSITE-CAVITY MODEL

We consider a laser device consisting of three laser stripes {A, B, C} oriented along the longitudinal z-direction
in which the laser beam is propagating, and coupled in the lateral x-direction as depicted in Figure 1. To
analyse spatio-temporal instabilities in the laser array we decompose the total electric field in terms of spatial
composite-cavity mode profiles Xj(x) of the entire array [18, 29],

E(x, t) =
1

2

∑

j

Ej(t)Xj(x) + c.c. , (2)

where the Ej(t) are the complex-valued time-dependent field amplitudes. Following Refs. [30–32] we focus on
the x-direction only. Hence, the composite-cavity mode profiles Xj(x) are solutions of the Helmholtz equation,

[

∂2X

∂x2
+ n2(x)

Ω2
j

c2
− k2

z

]

X(x) = 0 , (3)

together with appropriate boundary conditions [30, 31]. Here, kz = 5π × 106 m−1 is the z-component of the
total wavevector, Ωj is the composite-cavity mode frequency, and n(x) reflects the refractive index variation in

2



the x-direction. In particular, we assume

n(x) =

{

ng = 3.6 in the passive gaps between lasers,
ns = 3.61 in the active laser sections.

The boundary conditions require that the electric field and its first derivative are continuous at each refractive
index step and that they vanish at infinity. As in Ref. [31] we use sine functions in the active section and expo-
nential functions in the passive section. Such solutions of the Helmholtz equation (3) satisfy the orthogonality
relation

∫

∞

−∞

n2(x)Xj(x)Xj′ (x)dx = δjj′N , (4)

where δjj′ is the Kronecker delta and N =
n2

b

2 (3w0 +2d0) is a normalization constant with nb = 3.6, w0 = 4µm,
and d0 = 4µm.

The time evolutions of the complex-valued electric field amplitude Ej(t) associated with the composite-cavity
mode Xj(x) and the carrier density Ns(t) in laser stripe s are governed by [17, 31]:

dEj

dt
= − i(Ωj − νj)Ej − γEj + γ

∑

j′

{

∑

s

Ks
jj′

[

(1 + βNs) − iαβ(1 + Ns)
]

}

Ej′ ,

dNs

dt
=Λ − (Ns + 1) −

∑

j,j′

Ks
jj′ (1 + βNs)Re[EjE

∗

j′ ] .

(5)

Here the index j = {1, 2, 3} refers to the three composite-cavity modes that are considered [Figure 2], s =
{A, B, C} refers to the three lasers, and the star denotes complex conjugation; see Ref. [18, 31] for details of
the derivation. Most importantly, coupling between lasers occurs via the evanescent electric field in the lateral
x-direction and depends on the laser distance d (or the width of the passive gap between the lasers) and the
laser-width mismatch in the x-direction ∆ = wB − w0. Note that Eqs. (5) depend on the coupling parameters
d and ∆ implicitly via composite-mode frequencies Ωj and the mode overlap integrals

Ks
jj′ =

ns

N

∫

s

Xj(x)Xj′ (x)dx (6)

over the respective active region s. We use typical semiconductor laser parameters that can be found in Table 1.
These parameters give the normalised parameters in Eqs. (5) as decay rate γ = 100 and gain coefficient β ≈ 5.2.
Each laser is pumped at four times threshold, that is, Λ = 4. See also Ref. [31, 33] for the normalization of
Eqs. (5).

Here, we define locking as a single-frequency solution of Eqs. (5), which is of the form

Ej(t) = |E0
j |e

−i(ω0t+ϕ0

j) , Ns(t) = N0
s , (7)

where all nonzero complex-valued modal amplitudes have constant intensities Ij = |E0
j |

2, the same optical

frequency ω0, a constant phase-shift ϕ0
j , and each laser has a constant carrier density N0

s . This describes

symbol meaning value
α linewidth enhancement factor 0 ≤ α ≤ 2
γE cavity decay rate 2 × 1011s−1

γN carrier decay rate 1 × 109s−1

ξ differential gain 2.5 × 10−20m2

Γ confinement factor 0.1
Nts carrier density at transparency 2.0 × 1024m−3

nb background refractive index 3.6

Table 1. Laser parameters and their values.

3



−0.15

0

0.15
−0.15

0

0.15

0 10 20
−0.15

0

0.15

0 10 20 0 10 20

wA wB wC

wA wB wC

wA wB wC

(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (c3)

X1,2,3(x)

X1,2,3(x)

X1,2,3(x)
wA wB

wA wB

wA wB

wA wC

wA wC

wA wC

wC

wC

wB

wB

wB

wC

x[µm] x[µm] x[µm]

Figure 2. Spatial mode profiles X1,2,3(x) of the side-to-side coupled laser array for three different lateral width differ-
ences, (a): ∆ = −0.05µm, (b): ∆ = 0 µm, (c): ∆ = 0.05 µm
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Figure 3. Composite-cavity mode detunings between mode 2 and mode 1 (a), and between mode 3 and mode 1 (b), as
a function of the lateral width differences ∆ and the laser distance d.

continuous wave emission of the coupled laser array. Simultaneous numerical continuation [27] of the composite-
cavity mode profiles Xj(x) and the locking solutions (7) unveils the stability diagram in the parameter plane
of the laser distances and the width differences of the active laser sections.

Figure 2 shows examples of the spatial profiles Xj(x) of the three composite-cavity modes (j = 1, 2, 3) that
are considered here to model the dynamics of the laser array. There are two symmetrical modes (j = 1, 3)
and one anti-symmetrical mode (j = 2). Figure 2 (a1)-(a3) shows the case ∆ = −0.05, where the two outer
lasers are wider than the middle laser, Figure 2 (b1)-(b3) the case ∆ = 0, where all lasers are identical, and
Figure 2 (c1)-(c3) the case ∆ = 0.05, where the middle laser is wider than the two outer lasers. As can be seen
from Figure 2, changing ∆ affects mainly modes 1, and 3. This is because these modes have a large amplitude
in the middle laser. In contrast, mode 2 is almost unaffected by changes in ∆, because this mode is almost zero
in the middle laser.

To further unveil the composite-cavity mode structure we now calculate the frequency Ωj and the overlap
integrals Ks

jj′ . Figure 3 shows the detunings between the composite-cavity modes as a function of the distance d
between the laser and the laser width difference ∆. Figure 3(a) shows the detuning (k2 − k1)c between mode 1
and mode 2. The detuning is small for large d and sufficient negative ∆. Figure 3(b) shows the detuning
(k3 − k1)c between mode 1 and mode 3. The detuning is small for large d around ∆ = 0.
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Figure 5. Composite-cavity mode coupling Ks
13 between mode 1 and mode 3 in cavity (s = A) (a), cavity (s = B) (b),

and cavity (s = C) (c), as a function of the lateral width differences ∆ and the laser distance d.

Finally, Figures 4 and 5 show examples of the gain and coupling coefficients Ks
jj′ as a function of the laser

distance d and the laser width difference ∆. In particular, Figure 4 shows the modal gains KB
jj in laser B. The

variations of both KB
11 [ Figure 4 (a)] for mode 1 and KB

33 [ Figure 4 (c)] for mode 1 are large. For sufficient
large distance d, the gain coefficient of mode 1 increases form 0 for ∆ < 0 to 1 for ∆ > 0. The gain coefficient
of mode 3 shows the opposite behavior. As the distance d gets smaller, these gain coefficients approach 1/3,
which indicates that these modes have comparable amplitudes in all three laser; also compare with Figure 2. In
contrast, the gain coefficient KB

22 [Figure 4 (b)] of mode 2 is almost 0 in laser B and shows only little variations
as d or ∆ are changed. Indeed, comparison with Figure 2 shows that mode 2 is almost zero in laser B.

Coupling between modes arises from their spatial overlap with the different lasers. Two modes are coupled
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Figure 6. Bifurcation diagram of the side-to-side coupled laser array as a function of the laser distance d and the
linewidth enhancement factor α, for different values of ∆ as indicated. Shown are curves are Hopf (H), saddle-node (S),
and transcritical (Tr) bifurcations; the locking region is shaded gray, where lighter shading indicates locking with mode 1
and 3 having nonzero intensity, and darker shading indicates locking with nonzero intensity of all three modes.

only if both have nonzero amplitude in lasers A,B,C. Hence, coupling coefficients involving mode 2 in laser B are
very small and insensitive to changes in d and ∆. Moreover all coupling coefficients exhibit almost symmetrical
behavior about the line ∆ = 0. Figure 5 shows the coupling coefficients between mode 1 and mode 3 in the
three different lasers A,B,C. Both mode 1 and mode 3 have positive amplitude in lasers A and C. Their coupling
coefficients KA

13 [Figure 5 (a)] and KC
13 [Figure 5 (c)] exhibit similar behavior. In contrast mode 1 and mode 3

have opposite amplitudes in lasers B. Hence, the coupling coefficient KB
13 is negative [Figure 5 (b)].

3. COMPOSITE-CAVITY MODE DYNAMICS

In the previous section we discussed the frequency and the spatial properties of the composite-cavity modes,
which are the solution of the Helmholtz equation (3) together with the boundary conditions arising from Eq. (4).

To reveal the bifurcation structure and the dynamics of the coupled laser array we use numerical continuation
with AUTO [27]. Here we concentrate on the influence of the amplitude-phase-coupling of the optical field,
which is quantified by the α-parameter, as well as on the influence of the distance d between the laser, which
affects the coupling strength between the lasers. We calculate locking regions where the laser array exhibits
stable continuous wave (cw) emission described by Eq. (7). The boundaries of these locking regions are formed
by different bifurcation curves, including Hopf (H), saddle-node (S), and transcritical (Tr) bifurcations.

Figure 6 shows the locking regions in the parameter plane of laser distance d and linewidth enhancement
factor α for three different values of the laser width difference ∆. The locking region is indicated by gray
shading. The light gray regions indicate locking where only composite-cavity mode 1 and 3 have nonzero
intensity |E0

1,3|
2 6= 0 and mode 2 has zero intensity |E0

2 |
2 = 0 . In contrast, the dark gray region indicates

locking where all three composite-cavity modes have nonzero intensity |E0
1,2,3|

2 6= 0.

Figure 6(a) shows the case for ∆ = −0.02µm, where the two outer lasers are wider than the middle laser.
In particular, it can be seen that there is no stable cw-emission for small α-parameter, namely for α < 0.5. For
sufficient large α the locking region is bounded by Hopf (H) and transcritical (Tr) bifurcation curves. When
crossing the Hopf (H) bifurcation curve the cw-emission looses stability and exhibits periodic oscillations of the
intensity. When crossing the transcritical (Tr) bifurcation curve the cw-emission looses stability because mode 2
crosses its threshold and gains nonzero intensity. However, the resulting three-mode locked state is not stable.
Moreover, it can be seen that the locking region moves to larger d, that is, weaker laser coupling strength, as the
α-parameter is increased. Figure 6(b) shows the case when all laser are identical ∆ = 0. Also in this case there
is no stable cw-emission for small values of the α-parameter, namely for α < 0.3. The locking region is bounded
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by Hopf (H) bifurcation curves toward decreasing d, that is, increasing laser coupling strength. Since all lasers
are identical, the locking region extends to arbitrary weak coupling. Finally, Figure 6(c) shows the case for
∆ = 0.02 µm, where the middle lasers is wider than the two outer lasers. In contrast to the previous case, there
is stable cw-emission where all three modes have nonzero intensity, that is, |E0

1,2,3| 6= 0 (dark gray region).
Moreover, the locking region now also extends to α = 0. When crossing the transcritical (Tr) bifurcation curve
between the two-mode (light gray) and three-mode (dark gray) locking region, mode 2 crosses its threshold and
gains nonzero intensity. In contrast to the previous cases, this state is now stable. For sufficiently large α the
two-mode locking region is bounded by Hopf (H) curves toward decreasing d, and by a saddle-node (S) curve
toward increasing d. Again, as in the case of ∆ = 0.02 µm [Figure 6 (a)], the locking region moves towards
larger distances d, that is, weaker laser coupling strength, as the α-parameter is increased.

Because the different composite-cavity modes have different spatial profiles, different modal amplitudes |Ej |
result in different spatial intensity patterns of the coupled laser array. Figure 7 further reveals contributions of
the different modes to the dynamics of the coupled laser array. Shown are one-parameter bifurcation diagrams,
where we plot the extrema of the modal intensities |Ej |2 as a function of the distance d for two different values
of α and ∆. Specifically, Figure 7(a) shows the case α = 0 and ∆ = −0.02. By increasing the distance
between the lasers from d = 0 to d = 6.5 the coupled laser array exhibits different periodic intensity oscillation
characterized by their minima and maxima. In particular, for very small and very large d these oscillations
have very small amplitude. Figure 7(b) shows the case α = 0 and ∆ = 0.02, where there is a stable two-mode
cw-emission around d = 4.5 that is dominated by mode 3. This corresponds to the state where the electric
field in the middle laser is out-of-phase with that of the two outer lasers; compare with Figure 2. At d ≈ 4
there is a transcritical (Tr) bifurcation and mode 2 gains nonzero intensity. Now also the two outer lasers are
out-of-phase to each other. For α = 1 the dynamics of the laser array can be much more complicated as can be
seen in Figures 7(c) and (d). In particular, there is a large region of chaotic dynamics around d = 3. For very
large and very small d the laser array exhibits periodic intensity oscillations. Finally, there is a region of stable
cw-emission around d = 5. The cw-emission is dominated by mode 3, which indicates out-of-phase oscillation
of the electric field in the middle laser and the two outer lasers.
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4. CONCLUSIONS

We investigated the dynamics of a laterally coupled semiconductor laser structure that consists of three lasers
separated by passive sections. Our study was restricted to the case where the two outer laser are identical and
the distances between the outer lasers and the middle laser are equal. This system was modeled in the composite-
cavity approach, which describes the dynamics of the coupled laser array by three coupled composite-cavity
modes. The variation of the mode frequency, the modal gain coefficients and the modal coupling coefficients
due to changes of the laser geometry are accurately taken into account by calculating the composite-cavity
mode profiles.

A bifurcation analysis of the composite-cavity mode model was performed to determine the dynamics of the
laser array. In particular, we found different locking regions, where either two modes have nonzero intensity,
or all three modes have nonzero intensity. Three-mode locking exists for sufficiently small values of the α-
parameter. Moreover, we found that stable continuous wave emission moves toward weaker laser coupling as
the α-parameter is increased.

Future research will study the three-laser system in dependence on other paramters, for example, when the
symmetric situation considered here is perturbed. Furthermore, the composite-cavity approach can also be
used to study the (locking) dynamics of more complicated laser arrays.
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