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Abstract—This paper presents a novel adaptive controller of
air-fuel ratio (AFR) in spark ignition (SI) engines. The controller
robustly estimates unknown time-varying engine parameters
and thus improves both the transient and steady-state
performance. The objective is to regulate the AFR in the
combustion chamber around the stoichiometric value by
manipulating the injected fuel mass flow rate so as to improve
fuel economy and to reduce emissions. The AFR regulation
problem is first reformulated into a tracking control problem of
the fuel mass flow. This simplifies the control synthesis, i.e. the
number of parameters to be online updated can be reduced.
Then a representation of the parameter estimation error is
derived by using auxiliary filter operations, which is used as a
new leakage term in the adaptive law. In this case, exponential
convergence of the AFR error and the estimation of the
time-varying parameters can be proved simultaneously. The
proposed controller is compared with a generic adaptive
controller using the gradient descent method based on a
well-calibrated mean value engine model (MVEM). Finally, the
proposed controller is also validated with a commercial engine
simulation software, GT-Power, demonstrating better results for
the suggested adaptive controller than for the gradient descent
approach.
Keywords—Air-fuel ratio control, spark ignition engines,

adaptive control, parameter estimation, GT-Power
simulation
I. INTRODUCTION
In the automotive industry, significant effort has been made
to reduce emissions and improve fuel economy, hence the
flexibility of engine control units (ECUs) has led to more
efficient results [1]. The general solution for spark ignition
(SI) engines is to convert the pollutant exhaust gases into
innocuous ones by using the three-way catalytic converter
(TWCC). However, the conversion efficiency of TWCCs
depends crucially on the air-fuel ratio (AFR) in the
combustion chamber [2]. It is well documented that the
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stoichiometric AFR (14.67 for petrol) will maximize the
steady-state conversion efficiency [3][4]. Moreover, the
combustion of the air-fuel mixture in the chamber will deliver
optimum thermal efficiency and engine performance provided
that the AFR is controlled in a narrow window near the
stoichiometric value [5]. Therefore, the objective is to
regulate the AFR around this stoichiometric value, as this
improves fuel economy and reduces emissions for SI engines,
considering also the pressure from the stringent emission
legislation.
To address the AFR control problem for SI engines, the
most popular approach is proportional-integral (PI) control
together with an open-loop feedforward control element,
based on lookup tables [6]. However, the compilation of the
lookup tables is time-consuming as it requires significant
calibration and tuning phases. Then, several advanced control
methods have also been proposed, for example, sliding mode
control was suggested to regulate the AFR at the desired value
in the presence of model uncertainties and external
disturbances [5, 7]. However, sliding mode controllers suffer
from the chattering issue, where the oscillations may
adversely affect the conversion efficiency of the TWCCs.
Model predictive controllers were also designed in
combination with a diagonal recurrent neural network (DRNN)
[8] and using a relevance vector machine (RVM) technique
[9].
To deal with parameter uncertainties, adaptive control
methods have been presented for a port-injection SI engine
which accounts for the effect of the trapped fuel on the intake
manifold wall [3]. A simplified adaptive controller was
proposed which shows both simplicity and robustness under
the certain conditions [10]. However, this controller requires
the in-cylinder pressure sensor, which is very expensive and
generally not available in commercial cars.
The objective of this paper is to develop a simple and robust
adaptive controller by using the commonly available engine
sensors. We will incorporate a recently suggested novel idea
for adaptive parameter estimation [11, 12] into the AFR
control design.
II. ENGINE DYNAMICS AND MODELLING
This section will introduce the main dynamics of SI engines.
For AFR control, we revisit a physically based analytical
engine model named ‘mean value engine model (MVEM) [13,
14].

A. Intake Manifold Dynamics

AFR 

It has been found that the air filling dynamics of the intake
manifold can be represented as an adiabatic process [13].
Hence, the pressure variation can be determined based on the
ideal gas law and the conservation of mass as
R
(1)
pm 
 maiTa  maoTm  mEGRTEGR 
Vm
where pm is the intake manifold pressure, Vm is the intake
manifold volume,  is the ratio of specific heats (   1.4 for
air), R is the ideal gas constant. mai and mao is the air mass
flow rate into and out of the intake manifold and mEGR is the
exhaust gas recirculation (EGR) mass flow rate. Tm and TEGR
are the intake manifold temperature and the EGR temperature,
respectively.
Moreover, the air mass flow rate into the cylinders can be
calculated as

mao  cm Npm
where

cm 

(2)

Tm Vdvol ( N , pm )
 0 , Vd
Ta 120 RTm

is

the

engine

displacement, and vol ( N , pm ) is the volumetric efficiency
which usually depends on the engine speed N and the intake
manifold pressure pm .
B. Fuelling Dynamics
For port-injection SI engines, the fuel flow is injected at the
port in the intake manifold. A considerable portion of fuel will
be trapped on the manifold wall. The issue is known as the
‘wall-wetting’ phenomenon, where the deposited fuel is
usually called ‘fuel film’ or ‘fuel puddles’ in the literature [3,
14, 15]. An empirical equation of the fuelling dynamics [15] is
given as

m f   u f  m ff

 f m ff  m ff  (1   )u f

(3)

where m f is the actual fuel mass flow rate into the cylinders,

m ff is the mass flow rate of the fuel film deposited on the
intake manifold wall,  represents the portion of the fuel that
directly enters the cylinders as vapour while 1   denotes the
portion of the fuel deposited on the wall as fuel film. The value
 f is the fuel lag time constant, and u f is the fuel injection
command. For simplicity, (3) can be written as
1
1
1
m f   m f   u f  u f   m f  ud

f

f

f

(4)

where ud    s  1 /   u f is the control input. It will be used
in the following for AFR control.
The AFR can be calculated as the ratio of the air mass flow
rate mao to the fuel mass flow rate m f into the cylinders,
which can be written as

mao
mf

(5)

More commonly, the air-fuel equivalence ratio  is used
for engineering purpose. It is defined as
m
AFR

 ao
(6)
Lth
m f Lth
where

Lth is the
(i.e. Lth  14.67 ).

stoichiometric

value

of

AFR

C. Combustion Dynamics
The combustion of the air-fuel mixture generates the
indicated torque  i , which can be formulated as a function of
the fuel mass flow rate m f and the engine speed N :

 i  cT

mf

(7)
N
where cT  H ui  0 , H u is the fuel energy constant, and i
is the thermal efficiency. Generally, i is a complex function
of the engine speed N , the intake manifold pressure pm , the
spark advance (SA)  SA , and the air-fuel equivalence ratio 
[14].
D. Crankshaft Dynamics
The rotation of the crankshaft can be modelled by using
Newton’s second law as
JN   i   f   p   l

(8)

where J is the scaled moment of inertia, N is the angular
acceleration of the crankshaft,  f ,  p , and  l are the fiction
torque, the pumping torque, and the load torque, respectively
[16]. The above engine model will be calibrated based on
experimental mapping data and employed for AFR control
simulation in section 5.1.
III. PROBLEM STATEMENT AND REFORMULATION
This section will define the AFR control problem and
reformulate the AFR regulation problem into a fuel mass flow
tracking problem for the sake of simplicity.
A. Problem Statement
The control problem to be addressed is to regulate the AFR
around the stoichiometric value Lth  14.67 , i.e. to regulate
the air-fuel equivalence ratio  to follow the desired value
d  1 by designing the fuel injection control input ud .
Typically, the feedback error of an AFR controller is
directly derived as
m
e (t )  d   (t )  d  ao
(9)
m f Lth
The measurement of e itself is straightforward. However,
the dynamics of  (t ) is an indirect function of most engine
variables. Thus, the derivative of e can be written as


(10)
 .

The derivative of  (t ) is an indirect function of almost all
the engine variables, which will complicate the control design
and analysis. The complexity of the calculation of the term
d  mao 

 has been shown in [3]. This can be avoided by
dt  m f Lth 
reformulating the problem in Section 3.2. The objective is to
accurately control the AFR under wide engine operating
conditions and in the presence of model uncertainties, sensor
noises and disturbances. In the literature, three difficulties in
the AFR control have been stated: a) the engine model
parameters have uncertainties and some of them such as cm
and cT are likely to be time-varying in practice; b) the effect
of the ‘wall-wetting’ phenomenon cannot be underestimated;
c) the air mass flow rate mao and the fuel mass flow rate m f
e (t )   (t )  

d  mao

dt  m f Lth

are not measurable due to limited sensor configuration.
In this paper, the corresponding strategies to tackle these
three difficulties above are: a) the parameter uncertainties can
be handled by using adaptive control, where the time-varying
parameters can be estimated using a new adaptive algorithm in
Section 4.3; b) the effect of the fuel film is modelled in (3)-(4)
and taken into account in the control design; c) the air mass
flow rate mao can be estimated from available engine
variables mai and pm by using a recent idea of unknown
input observer (UIO) [17] where the estimation error
converges to a small compact set around zero. Then, the fuel
mass flow rate m f can be calculated simply from (6) by using
the estimated mao and the measured  .
B. Problem Reformulation
In this paper, we reformulate the error dynamics of (9) in
order to simplify the control design and to reduce the number
of adaptive parameters in comparison to [3]. Considering that
the control input ud is related to the fuel mass flow rate m f ,
the regulation of  can be reformulated into the tracking
problem of fuel mass flow. Hence, the new feedback error can
be defined as the difference between the ideal fuel mass flow
rate m fd and the actual fuel mass flow rate m f , i.e.

mao
 mf
(11)
d Lth
Clearly, the AFR can be regulated at the stoichiometric
value provided that the fuel mass flow m f tracks the
e(t )  m fd  m f 

time-varying reference m fd  mao / (d Lth ) as [17]. Thus, the
derivative of e(t ) can be presented as

m
d
m fd  m f   ao  m f
(12)

dt
d Lth
Compared to (10) where the derivative of m f appears in
e(t ) 

the denominator, the calculation of derivatives in (12) is much

easier. In (12), m f can be obtained from (4) and mao can be
determined by differentiating (2) using (1), (7) - (8) as
c c m f pm cm
mao  m T
 pm  f   p   l 
J
N
J
cm R

N  maiTa  maoTm  mEGRTEGR 
Vm
Thus, the error dynamics can be given as
c c m f pm
c
e(t )  m T
 m pm  f   p   l 
d Lth J N
d Lth J



cm R
1
N  maiTa  maoTm  mEGRTEGR   m f  ud
d LthVm
f

(13)

(14)

where ud is the control input to be designed.
IV. CONTROL DESIGN
This section will present the design and analysis of the AFR
controllers.
A. Feedback Linearization
Ideally, if all the engine parameters are exactly known, we
can design the feedback linearization control law for (14) as

ud  ke(t ) 


1

f

mf 

cm cT m f pm
c
 m pm  f   p   l 
d Lth J N
d Lth J

cm R
N  maiTa  maoTm  mEGRTEGR 
d LthVm

(15)
where k  0 is a feedback control gain. Then the derivative of
the closed-loop error dynamic can be determined by
substituting the control input (15) into (14) as

e(t )  ke(t )

(16)

Proposition 1: Considering the SI engine system (1)~(8) with
the control input (15), then the error e(t ) will exponentially
converge to zero, i.e. the AFR can be regulated at the
stoichiometric value.

1 2
e (t ) ,
2
then it is obvious from (4) that its time derivative can be
determined as
V (t )  e(t )e(t )  ke 2 (t )  0
(17)
Proof: A Lyapunov function can be chosen as V (t ) 

Since V (t ) is positive definite, it is clear that V (t ), e(t )  0
exponentially for t   , i.e.   d as t   .
However, the assumption (i.e. all dynamics in (15) are
exactly known) for this feedback linearization is stringent as,
in practice, not all the engine parameters can be exactly
obtained. Thus, we will present two adaptive AFR control
laws, where unknown parameters will be online updated.
B. Adaptive Control with Gradient Method
Considering the parameters cm and cT are likely to be
time-varying in practice, we will use an adaptive update law to

online update the unknown parameters. For this purpose, we
first rewrite (13) into a compact parameterized expression as

 m f pm / N



mao   pm  f   p   l 



 N  maiTa  maoTm  mEGRTEGR  

T

cm (t )cT (t ) / J 


 cm (t ) / J   (t )
cm (t ) R / Vm 

ˆ (t ) is the
where k  0 is a feedback control gain and 
estimate of (t ) . The adaptive update law is given by

ˆ (t )    1 T e(t )  
ˆ (t ) 
(20)



 d Lth

where   diag[ 1  2  3 ]  0 is a constant gain and  is a
constant forgetting factor. Then the derivative of the
closed-loop error dynamics can be determined by substituting
the control input (19) into (14) as
1
e(t )  ke(t ) 
(t )
(21)
d Lth
ˆ (t ) is the parameter estimation error.
where (t )  (t )  
Assumption 1: The unknown time-varying parameter vector
(t ) and its time derivative are bounded by (t )  m and
d

for constants

m

,

d

0.

Proposition 2: Considering the SI engine system (1)~(8) with
the control input (19) and the adaptive law (20), the error e(t )
will exponentially converge to a compact set
e(t ) 

mi2 n ()  m 2 2m
, whose size depends
min 2k , 2(  1 m) / max ( 1 )
m

2
d

on the bounds of (t ) 

m

and (t ) 

d

. Thus, the AFR

is regulated to follow the stoichiometric value.
Proof: We choose a Lyapunov candidate function as
1
V1 (t )  V (t )  T (t ) 1(t )
(22)
2
The time derivative of V1 can be calculated using (20) and (21)

ˆ (t ) as
together with (t )  (t )  


1
V1 (t )  e(t )e(t )   (t ) (t )  e(t )   ke(t ) 
(t ) 
d Lth




1
ˆ (t )
T (t ) 1(t )  T (t ) 
T e(t )   


L
 d th

 ke 2 (t )  T (t ) 1(t )   T (t )(t )   T (t )(t )
(23)
T

1

m

2

(18)
where  is the known regressor vector, and (t ) is the
unknown time-varying parameter vector. Clearly, there are
only three parameters to be online updated.
Then, the control law (15) can be modified by using the
estimated parameters as
1
1
ˆ (t )
(19)
ud  ke(t )  m f 

f
d Lth

(t ) 

We apply Young’s inequality ab  a 2 / 2m  mb2 / 2, (m  0) , then

V1 (t )  ke2 (t )  (  1 m) (t ) 
 V1  

2
d

2m2 in ()



m 2
2



2
m

(24)



where the constants   min 2k , 2(  1 m) / max (1 ) and

  m 2 ()  m
2 are positive for any m   .
According to Lyapunov’s theorem, V1 (t ) is uniformly
2
d

2
min

2 2
m

ultimately bounded, i.e. V1 (t )  V1 (0)   /   e  t   /  .

This implies that the error e(t ) will exponentially
converge
to
a
small
compact
set
2
min
()  m 2 2m
as t   .
min 2k , 2(  1 m) / max ( 1 )

m

e(t )  2 /  

2
d

C. Adaptive Control with Parameter Estimation
This section will present a new adaptive law for estimating
time-varying parameters by further exploiting our previous
work [11, 12]. Thus, we define filtered variables as maof ,  f
of mao ,  as

maof (0)  0
 maof  maof  mao ,
(25)

 f (0)  0
 f   f  ,
where   0 is the filter parameter. The filter operation (25)
is equivalent to adding a low-pass filter 1/ ( s  1) on the
both sides of (18) as
s
1
(26)
[m ] 
[]
 s  1 ao  s  1
Considering (25) and the Swapping Lemma [18], then (26)
can be written as

mao  maof



 f


 s 1

[ f ]

(27)

It is obvious that  is bounded within a sufficiently large
bounded set, the engine operating region; then,  f is
bounded, i.e.

(t ) 



d


 s 1

f 

for a constant

 0 . Since

holds according to Assumption 1, the term

[ f ] is bounded, i.e.    for a constant

  0 [11].
Then we define two auxiliary variables P and Q as

 P   P  Tf  f ,

T
Q   Q   f (mao  maof ) /   ,

P(0)  0
Q(0)  0

(28)

where  0 is a design parameter.
Denote a new leakage term W (t ) to be used in the adaptive
law as
ˆ (t )  Q
W (t )  P
(29)

Now we can design the same control input as (19) but with a
new adaptive law given by

ˆ (t )    1 T e(t )   W (t ) 
(30)



 d Lth

where   0 is a design constant. The derivative of the
closed-loop error is the same as (21)
From (27) and (28), it can be found that

W (t )   P(t )  
where    e 
t

(t  r )

0

(31)

Tf (r ) (r )dr is a bounded residual error,

i.e.    f  /   /

. Hence, W (t ) contains the

information of the parameter estimation error (t ) , in
particular for (t )  0 .
Lemma 1 [11, 12]: If the regressor  satisfies Persistent



Excitation (PE) condition, i.e.

t 

t

T (r ) (r )dr   I ,

t  0 for   0 ,   0 , then the matrix P in (28) is
positive definite, i.e. min ( P)   1  0 .

Proof: Please refer to [11] for details.
Proposition 3: Considering the SI engine system (1)~(8) with
the control input (19) and adaptive law (30) under Assumption
1, then e(t ) , (t ) will exponentially converge to the
2
 m 2  2 / 2  m 2d / min
()
compact sets e(t ) 
and
min 2k , 2( 1  1/ m) / max ( 1 )

V1 (t )  V1 (0)  1 / 1  e 1t  1 / 1 , which is uniformly
ultimately bounded. Moreover, this implies that the error e(t )
and the parameter estimation error (t ) will exponentially
converge to the compact sets defined in Proposition 3 as
t   , respectively.
V. SIMULATION AND VALIDATION
This section will first present simulation results based on an
SI engine model in Matlab/Simulink. Then we also validate
this new adaptive control via a commercial engine simulation
software, GT-Power.
A. Simulations
The SI engine model is built based on the MVEM in
Matlab/Simulink, where the model parameters are calibrated
based on experimental data sets. The AFR controllers (19)
with two different adaptive laws (20) and (30) are compared.
The parameters are set as k1  100 ,   diag[1000 10 10] ,
 1 ,   0.001 , and   1 . The simulation results are
presented in Fig. 1. It is found that both adaptive controllers
can regulate the AFR around the stoichiometric value
Lth  14.67 , where the controller with the new adaptive law
(30) has better transient and steady-state performance than
that with the gradient descent adaptive law (20).
Air-Fuel Ratio (AFR)
14.72
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14.66

2
 m 2  2 / 2  m 2d / min
()  max ( 1 )
. Thus, the
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min ( 1 ) min 2k , 2( 1  1/ m) / max ( 1 )
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AFR can be regulated around the stoichiometric value.
Proof: We select the same Lyapunov function V1 (t ) as (22).
The time derivative of V1 can be calculated using (21) and (30)

ˆ (t ) as
together with (t )  (t )  
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(t ) 
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L
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T
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(32)
By applying Young’s inequality, we have
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Fig. 1. Simulation results based on MVEM

More importantly, it is obvious that the adaptive law (30)
can track the time-varying parameters, which is in sharp
contrast with (20). This is due to the leakage term W (t ) (30)
which contains the information of the parameter errors.
B. GT-Power Validation
The proposed adaptive AFR controllers are also tested in a

more realistic engine model built in an industrial-grade engine
simulation software GT-Power. The model built in GT-Power
is a commercial car-used turbocharged 2.0 litre four-cylinder
SI engine, which is calibrated based on the geometric
measurement and practical engine tests. The proposed AFR
controllers (19) with adaptive law (30) is implemented in
GT-Power.
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Fig. 2. Validation results based on GT-Power engine model.

The AFR controllers (19) with two different adaptive laws
(20) and (30) are implemented and compared in GT-Power.
The parameters of the controllers are set as k1  10 ,
  diag[10 10 10] ,  1 ,   0.001 , and   0.1 . Fig. 2
presents the validation results of the AFR response and the
profiles of the estimated parameters. It is found that the AFR
is correctly controlled with a 7% error boundary while the
time-varying parameters are estimated. It can be verified again
that the controller with the proposed adaptive law (30) obtains
better transient performance than that with the gradient
descent adaptive law (20), where the transient errors arise
from the engine speed changes at the time instants 5s, 10s, 15s,
and 20s. Moreover, although the actual parameters are not
known in this case, we can speculate that the proposed method
(30) tracks the unknown parameters better than (20) since the
parameters are inherently time-varying.
VI. CONCLUSIONS
This paper proposes an improved and simplified adaptive
AFR controller for SI engines, where the involved
time-varying parameters can be estimated by using a new
adaptive law. The AFR regulation problem is first
reformulated into the tracking control of the fuel mass flow,
which simplifies the control design and reduces the number of
parameters to be online updated. A new leakage term
including the estimation error is derived and incorporated into
the adaptive law, such that both the AFR error and the

parameter error can achieve exponential convergence.
Numerical simulations based on the MVEM in Matlab and
validation in the realistic engine built in an engine simulation
software GT-Power are carried out to show that the AFR can
be regulated tightly around the stoichiometric value and the
time-varying parameters are fast tracked under wide engine
operation regimes. Future research will focus on the
implementation of the proposed adaptive AFR controller on
practical engines.
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